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Introduction

In catalytic surface reactions where multiple events of
adsorption/desorption/reaction can take place, the time scale
of such events can differ significantly from each other, mak-
ing it challenging when modeling complex surface reactive
systems using stochastic methods. In numerical analysis, this
is known as the problem stiffness and it is characteristic of a
system of differential equations with very different eigenval-
ues. This study introduces a new simple way to deal with
stiff problems on reactive catalytic surfaces using a modified
kinetic Monte Carlo (KMC) approach. This method is exem-
plified by solving the Robertson’s problem.

Monte Carlo Simulations of Surface Reactions

Monte Carlo methods are advantageous when modeling
the kinetics of surface reactions because they permit us to
represent the detail structure of the surface. The standard
KMC simulations of such systems use individual reaction
rates to calculate the probability of the occurrence of each
event. Large differences in reaction rates lead to low overall
probability of occurrence of events with low rates. Conse-
quently, events with very low probabilities do not occur in
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the simulation even though in an actual physical system
such events do occur. Several approaches having different
levels of complexity have been reported in literature to over-
come such stiffness using KMC methods.'™® A new method
is presented in this note to overcome the stiffness problem
during MC simulations.

The standard KMC algorithm

Although in most MC simulations, the surface is repre-
sented as a two dimensional matrix of surface sites contain-
ing a specific structure, here, we follow the more general
model developed by Gracia and Wolf,”'® which incorporates
a third dimension representing a crystallite as a truncated
hexagonal pyramid. Three (100) planes having four-fold ge-
ometry are located along the walls of the pyramid,”’12
whereas the top surface layer exhibits a (111) structure. The
support is assumed to be a thin square plate with a variable
number of crystallites (1-69) randomly distributed onto it.
This model permits one to select sites of different activity
depending on its location on the crystallite (planes, edges,
and basal) and to vary the crystallite size from 8 to 27 A by
changing the number of total atoms that conforms each crys-
tallite. Although the algorithm used in our work uses the sur-
face structure indicated earlier, for the purpose of the calcu-
lations presented here all sites are considered to have the
same rates. In the KMC algorithm, the simulation starts by
initializing all variables and event counters. Then, a crystal-
lite and a site on that crystallite are both randomly chosen.
Surface events occur on that site depending on the
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Figure 1. KMC Simulation of the Robertson’s problem using the (A) standard cumulative probability calculation
and (B) cumulative probabilities calculated from the log-transformed rates.
Each probability is labeled with the corresponding surface reaction rate.

probability of each specific event. Once the event is chosen,
another crystallite is selected and the process is repeated
until all surface sites are visited, which is referred as a MC
iteration. The program iterates many times over the surface
until some convergence criteria for surface coverage is met
(i.e., steady state). The steady state of the system is checked
by monitoring the fluctuation in the number of events during
successive iterations. If the fluctuation is below certain per-
centage, then a steady state has been reached. If the system
is not at steady state, the process is repeated again and the
algorithm is directed to select a new crystallite and new site.
If the steady state has been reached, the algorithm stops.
The convergence criteria used here to calculate if the steady
state was reached was to achieve 1% of the relative error
between the summation of all successful events (considering
all crystallites) in the ongoing MC iteration and the last 10
averaged values. In a given iteration, once the status of a
site is determined (empty or occupied), the probability of the
particular event associated with that site is compared with a
random number, «, to decide if the event occurs or not. The
calculation of probabilities is discussed later. Every time one
of these events occurs, the time is updated and the new state
(coverage) of that site is recorded. If the event does not
occur, the selection sequence is re-initiated. If the event does
take place, the surface is updated and the time is calculated
according to the following equation previously used by Fich-
thorn and Weinberg13 and others’:

== /(3 n) ()

In Eq. 1, the summation term is over the number of spe-
cies participating in a surface event having a rate r;, and
In(r) is the natural logarithm of a random number o between
0 and 1.

Robertson’s problem

This problem consists of an autocatalytic reaction with
significant different rates' and it is a common example of-
ten used as a test problem in numerical studies when com-
paring stiff integrators.15 It describes an autocatalytic reac-
tion occurring in three steps: A — B, 2B — C + B, and
B + C — A + C, having large differences in the magnitude
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of their rates. As stated by Robertson, the numerical values
of the rate constants used in the test problem are k; = 0.04
(slow reaction), k» = 3 x 107 (very fast), and k3 = 10*
(fast). The large differences in the reaction rate constants ki,
k>, and k5 determines significant differences in all the reac-
tion rates. If the concentrations of A, B, and C are repre-
sented by y;, y,, and y;, then the three reactions can be
expressed as a set of differential equations:

D _1(y), y(0) = (1,0,0)",

dr
neN,yeR, and t€[0,T] (2)
—0.04y; + 104y2y3
FO) = | 0.04y; — 10%y,y3 =3 - 1073 €))
3-107y3
To solve the Robertson’s problem in a stochastic

approach, each one of the species A, B, and C is considered
as reactants adsorbed on a solid surface (i.e., A-S = 0,4,
B-S = 0, C:S = 0Oc, where S is an active site, the (-)
denotes an adsorbed species and 0 its coverage). The adsorp-
tion/desorption steps are omitted from the reaction sequence
to maintain the similarity with the Robertson scheme. At the
beginning of the reaction, the surface is assumed to be com-
pletely covered by the species A. The species A slowly
reacts to produce adsorbed species B with a rate I'j = k04
(k; = 0.04). The generated species B reacts very fast with
itself to produce the adsorbed species C leaving behind B
unreacted. The latter reaction occurs having a rate I, =
kzeé (ky = 3 x 107). The generated species C reacts again
with B to re-generate A and leaving the species C unreacted
with a rate '3 = k3050 (k3 = 3 x 10%). The support is
assumed to be a thin square plate with four crystallites ran-
domly distributed onto it. The crystallite size used in this
simulation was 8 A with 24 sites exposed on the surface
(total of 96 sites) all having the same rates.

Once all the reaction rates have been calculated, they are
used to construct a probability distribution. Probabilities are
calculated in two different ways: first, we used the standard
method in which the probability of an event is calculated as
the event rate divided by the sum of the rates of all events
(referred hereafter as standard probabilities). The new
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Figure 2. Histogram of the frequencies for the standard and log-transformed rates of decomposition of (A) into (B)

in the Robertson’s problem.

method introduced here uses the log-transformed rates in the
following way:

_In(ri+e)

TS In(ri+e)

where P; is the probability of the i-th event calculated from its
log-transformed rate r; divided by the sum of the log-
transformed rates. The value of ¢ = 1 is added to avoid the
calculation of negative probabilities for rates lower than one or
invalid values for rates equal to zero. Different values of ¢ did
not affect the simulation results. Probabilities calculated using
the log-transformed rates (Eq. 4) will be referred hereafter as
logarithmic probabilities (log-KMC). The basis of the log
transformation is that it permits to construct a family of
normally distributed rates, which are used to build a
cumulative distribution function. The latter function is used
to obtain the probabilities during iterations. When the data is
highly skewed, the logarithmic transformation results in a
symmetric normal distribution of the data by reducing the
positive skewness, because it compresses the upper end (large
event rates) of the distribution (long tail) while stretching out
the lower end (low event rates). This basically occurs because
the distances between 0.1 and 1, 1 and 10, 10 and 100, etc., are
the same in a logarithmic scale. Probabilities are easily
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calculated and compared in a log-transformed way, no matter
the order of magnitude of the rates, and any skewness of the
data is eliminated under a log transformation.

In the Roberson problem, because the rate constants of
each reaction step differ by several orders of magnitude, the
standard probabilities of the slow events would be very
small while others would be close to one. The standard prob-
abilities for every event in the Robertson’s problem are
shown in Figure 1A as a function of time. The results shows
that the probability of the reaction of B with itself (the auto-
catalytic step) is dominant during all iterations (2B > C +
B), whereas the probability of the other two reactions is very
low. It is evident that under these conditions, the MC simu-
lations would result in a steady coverage of species A (the
surface start initially covered by A). The other events would
simply not occur because of their low probability. This result
is inaccurate when compared with the nonstochastic solu-
tions. To be able to account for the occurrence of low proba-
bility events, the way the probabilities are calculated must
be modified. Figure 1B shows that when applying the log
transformation to the rates involved in the Robertson’s prob-
lem, the probabilities calculated by Eq. 4 are well distributed
within 0—1 range. Since now not all the events have a negli-
gible probability, the log transformation also decreases the
number of null events and saves computational time.
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Figure 3. Concentration profile from the solution of the Robertson’s equation using the (A) log-KMC method and
(B) the exact solution calculated by a Runge-Kutta algorithm. The initial value of (A) was set to 96 (n in

Eq. 2).
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A histogram of frequencies vs. the event rates for the
reaction of A to form B (Figure 2A) clearly shows that
the rates follow a bimodal distribution and it is left skewed.
The logarithmic distribution of probabilities for the decompo-
sition of A into B in the Robertson’s problem, displayed in
Figure 2B, shows a bell-shaped distribution closed to a normal
distribution of the log-transformed rates. The same analysis
for all the events, results in a family of normally distributed
variables that when used to build a probability distribution
during iterations allows sampling of the low rate events.

The surface concentrations obtained using the log-KMC
probabilities of the Robertson problem (Figure 3A) are com-
parable with the results obtained by solving the numerical
problem using a Runge—Kutta integration (Figure 3B). It can
be seen that the log-KMC method captures the behavior of
the numerical solution and that it converges to a steady state
value. The shift in the concentrations profile observed in Fig-
ure 3A by using the log-KMC can be due to the discrete
manner of solving the problem and to the use of a discrete
mesh (crystallites). When the standard KMC method was
used, the large differences on the magnitude of the rates and
the low probability of the reaction of A to B led to the ab-
sence of any reaction on the surface. Clearly, the log-KMC
method is capable of circumventing the stiffness of the Rob-
ertson’s problem when using stochastic methods.

Conclusions

In some catalytic reactions, the large differences in time
scales of some reactions lead to stiff problems not easy to be
solved by stochastic MC methods. This work demonstrates a
new and simple method to construct probabilities from the
reaction rates no matter the degree of stiffness of the prob-
lem. The method denoted here as log-KMC applies a loga-
rithmic transformation of the rates to calculate the probabil-
ities of all events. The autocatalytic reaction system known
as the Robertson’s problem was solved, and it was shown
that the log-KMC method is efficient in obtaining solutions
of a stiff problem. This simple method has the potential to
be widely used in the solution of stiff problems and it is not
restricted to chemical reaction on surfaces. Further work
using the new log-KMC method used in a Monte Carlo sim-
ulation of the preferential oxidation of CO in the presence of
hydrogen will illustrate the advantage of using this method.
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